
Algorithms 2020

NP- Hardness -
more reductions



Recap
- HW - oral grading Thurs .

+Fri
.

-sign-up
!

- Reading - over LPs .

- Cangas - some space issues

(email if you need any
files )

- Last HW : due before

Thanksgiving



PQtco-NP-conscderonlydeaswnproblems.is
Yes /No output

Set of decision problems
that can be solved in

polynomial time .
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Pfe: NP-Hard
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so if any NP-Hard problem
could be solved in polynomial
time

,
then all of NP

could be
.
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Thepaltrni Reductions

1) Find an NP-Hard problem,& solve it usingunknown problem as

a subroutine

( e
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So far
-

:

• CircuitsAT

SAT ] '%Is¥s%I:BSAT examples

•Ind . Set

:{"II. cover}¥iw.Today
• 3-Coloring
•

Subsets } # based

(awed) problems



INext : Graphcoloringerged.mn#exg...3
A keoloring of a graph-is a map :c :⑧→E1.o#
that assigns one of K"colors

" to each vertex so
that every edge has 2
different colors at its
endpoints.

Goal : Use few colors
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Aside : this is famous !

Ever heard of map coloring?

•

•

T no 2 nbrs the same
color

Fangs.¥%÷Yo
is 4- colorable

Trot plays, 1%4*1 III.
or



Thnx :③''ftp.bh?Zp'Ge.
(Decision version : Gwen G ,

output yes Ino )

In NP :
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NP-Hard .

Retchon from 3SAT.GE#IxiKiH
Given formula for ③AT OI ,

N" - )

we'll make a graphGET
-
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=
m clause

,
n variable

OI will be satisfiable

⇐ Got 02318 tored
.

-

keynote : Build
"

gadgets
"

!

①Truth gadget - one triangle

¥
why?
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"

color
.



② Variable gadget -
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③ Clause gadget :
For each clause

, join
3 of the variable vertices

to the
"

true " vertex from

the truth gadget .
Goyal: if all 3 are fine healed

¥¥E?÷÷.*÷÷idea: If all inputs are colored
False

,
can't 3 -color :

Amy 3 colony
#

must
makeactionneat

to red ,

these green go imposs'⇒¥



3 color GoIF is satinable
Pfj .

⇒ 3 coloring :
Built GOI so that I can

make each
"

green
" be a

true value,
teach

" red "be

a false value .

No variable t
its negation are

same color, b/c
connected

by edge f not
' 'yellow

"
since

in a
O w/yellow

vertex )

If all in
a clause

are red
,

can 't 3
-color⇒

each clause

has Z
colored free

⇐ :I satisfyable ↳ coloring
(make

each true Xi
begreen

each false yellow,
-extend
coloring)
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Final reduction image :
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Time to build GOI :
(remember, need polynomial in
formula size

,
Item)
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Subset sum
-

:

Given a set of numbers

X Ex.mx. . . . . ,xn3 11895'm
and a target t, does import
some subset of X sum to@t?
Exe: (actually did this one!

See lecture from Ch .

2

Runtime

backtracking :

every
# is either inset,

or not n
#s

use DP : Oqf
exponential

mi#
scat



Subset sum is Np-Hard .

Reduction : Vertex
Input: Graph G a size

challenge: Need to construct

÷÷÷n÷÷÷.If a vertex cover

in G of size k exists .

ReBase#
31213=3401-0.4
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+2.42
-
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t to 43+3.44



idea: Use base 4 :

force a targetT that
requires you to use only
vertices

,
but to

" '

cover
"

edges

Number edges 0
..
E-1

↳ create a numbed
subset sum :

e. : bo = 1=40
e. : b

, = 41=4
ee : bz = 42
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For each vertex , make

another # :
o

Av : = 4
E
t £4

'

c- fit:*
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any edge
# bi

Think of base 4 representation :
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Now
,
set F- -k . 4it FEEL. 4:

Whyte

Proofs: size k VC⇒ sum toT

⇒VC : K vertices .



⇐ : take the ai's t bi's that
El

= k.4EtE2 . 4T
to



Time to reduce :
-

Sos: If I could solve
subset

sum in poly time ,
I could

use it to solve KC .

⇒SubsetSum is

also NP- Hod

(t since in NP, also NP-Complete)



Next time .

-

More # ones
,

t a wrap
- up.

Friday : on to LP !


