
Algorithms 2020

NP-Hardness :
ALL thegraphs !



Recopy :
- 3 more

read.
] assignments ?

-Sun ,
Thurs

,
- next Sun

.

- Hw - sign up
An oral

grading -group
- Last Hu - due on wed.

before Thanksgiving
(all submitted by that weekend)



PDtco-NP-conscderonlydeaswnproblems.ir
so Yes /No output

1€ Set of decision problems
/ that can be solved in

polynomial time .④ ¥e¥:¥¥:*:c.:÷⇒±,
Npg: Set of problems such
-
'
that

,
if the answer is yes

* you
hand me pokofferti.cat
I can verify ( check in
Pongal time .

Exe: CircuitStt

Co-N Can verify a

"No " answer
.

↳ primality ofa
#:

no is easy !
X



Pfe: NP-Hard

¥¥¥÷÷÷÷÷÷÷÷
-

so if any NP-Hard problem
could be solved in polynomial
time

,
then all of NP

could be
.

Inihaex
:

circuits
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Thepaltrni Reductions

1) Find an NP-Hard problem,& solve it usingunknown problem as

a subroutine

( e

¥÷¥*¥÷÷÷¥n÷
Proof . - if HffePdY

kujTµ£d if * only if!:÷÷÷:÷÷¥⇒.correct Hard
problem



Nextprob.lu looks
more useful

Independent set :
A set of vertices in a
graph with no edgesbetween them :

yrqdnifp set.÷¥¥.
ab TA- - '

¥¥#÷EsudeToe
a end set)

.
of size K in G ?

(wat -@YEEE*e¥¥hQ



Challenged: No boo leans !

But reduction needs to
take known NP-Hard
problem r build a

graph :

÷:or

EgI¥x graph
??

We'll use BAT

(but stop and marvel
a bit first

. ..)
First look at

"

Edges
"

pieces in transformations



Reduction
mclauses

-

'

'

n literals Ivana bks)

Input is 3CNF boolean

⇐ :
① Caligula ynoteEII.EE
{read# lists↳Zen vertices
② Connect two votes if :

-

theyaqgzse7.EE#exF6m
-

they are a variable -
-

its inverse

.me#s,somghfaddt3medgesperverkx
.



Entangle *E E
O 8 ⑥ -0

⑧
←
clause

[ Oooo
noes.

a↳g(breezes its negation
Reduction : spent Ofntn)

time building graph↳ poly!



Claim original 38
AT

↳mula is Saksfable
⇐

G has independent set

Pinot ,
of size m

Ef : Assume
formula is SAT

.

Then F assignment of input
variables at . . Xn , so that

formula = true .
Build and

.
set in G :

for each clause *⇐Cxivxjvxg
must have something true .

Grab one of the true vars,
t add corn. vertex to set .

independents Ina :
- one vertex per
- no var

& its negation
can
be true



⇐ : Take and set of size m :
an G )

↳ mustonare one vertex

÷÷÷÷
:.

Set var = True .

(set other
variables

however you
want)

V

(④¥ ' ( v u ) n - - -fu
T

*so T as long as
I value is the



Sf:
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o

Erges

←

y or N

ATFerdon
arAT
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Next one : Clique size- -
A clique in a graph is
a subgraph which is

complete - all possibleedges are present .

⑤ no clique
-

, hose,£§
-

g-

y

f
--

How could we cheek if G
has a clique of size K.?
I Look at all subsets of

fora
k vertices :( F) = fit.

Brie

moaned -049



Decision version : Does 6 have

input : .LI#neofa-zek
?

Output : Y or N

This is NP-complete :

-

① In NP . Why?

Poly time checking if yes :
If set of size

K vertices

is handed
to

'

me
,

I can
check if all

(3) rock
') edges in

clique are
in G .



② NP-Hard :

what should we reduce to
K - clique ?
Options : circuit

SAT

35AT

Ind set !
-

Input : Gtk , question
is

does G have Ind set

ofsize k? mpoiy time

[ change Guts G
"

so that G
'
has clique

⇐ G has and set.

f- want G
' have

"

¥¥
doesn't .

an edge whenever
G



So :
Og +Et all possible
X edges
-

- -

complement F ( not G
'

) :

vertices of G- = vertices of
G

¥÷÷:¥÷
:
"

if G does not have ay

→I will have
it

↳ add otto

adj . lists
End : if poly hue alg .

A

clique , get one for and set.



Next: Vertue : ⑨€E#
A set of vertices wh€¥¥#

man
touches every edge in 6 .

cover we solved in a tree !
I decision version) :

Gwen G
,
t k
,

answerer YIN if F vertex
cover -of size K

.

InNP @Ging
"

yes
"
in

polyt@coievehk_vohaS.check if

they are
a cover .

For each e :↳¥4'm 'TEETH trees
.



Nishad : reduce what ?
(propably clique or Ind set! )

key: SEE
,

Shar's Hen

!qy÷
,÷i÷÷÷÷÷÷E÷÷÷÷÷÷

.



So simple reduction !
Given G - k to indy .

set
,

ask if F vertex cover

ofsize n-K
.

:* I
s

compute
n
-k

k
O
na

⇒Ee



Next : Graphcoloring
A keoloring of a graph Gis a map :c : ✓→ {1.ok}
that assigns one of K"colors

" to each vertex so
that every edge has 2
different colors at its
endpoints.

Goal : Use few colors



Aside : this is famous !

Ever heard of map coloring?

•

•

Famous theorem :



Tim : 3- colorability is
NP-complete .

(Decision version : Gwen G ,
output yes Ino )

InN



NP-Hard
-
Reduction from 3.SAT

.

Given formula for ③AT OI ,
we'll make a graph Get .

OI will be satisfiable

⇐ Got 02318 tored
.

Keynotes : Build
"

gadgets
"

!

①Truth gadget - one

TO④oE9•eI¥÷÷÷.
" true

"

color
.



② Variable gadget -

¥
Per SAT variable

me

sets
one gets F-color



③ Clause gadget :
For each clause

, join
3 of the variable vertices

to the
"

true " vertex from

the truth gadget .
Goat: if all 3 are false ,

no valid
3-coloring

idea: If all inputs are colored
False

,
can't 3 -color :



3 color

is satinable

PI:



Final reduction
image

:



Time to build GOI :
(remember, need polynomial in
formula size

,
n th)

so
-

:


