
Algorithms 2020

NP-Hardness :
Reductions



Recaps
• HW : oral grading next
Thursday /Friday .

- Sign up for a gray
and a true!

° Reading as usual



PDtco-NP-conscderonlydeaswnproblems.ir
so Yes /No output

1€ Set of decision problems
/ that can be solved in

polynomial time .④ ¥e¥:¥¥:*:c.:÷⇒±,
Npg: Set of problems such
-
' that, if the answer is yes
* you hand me pokofferti.cat
I can verify ( check inPongal time .

Exe: CircuitStt

Co-N Can verify a
"No " answer

.

↳ primality ofa
#:

no is easy!
X



Pfe: NP-Hard

¥¥÷÷÷÷÷÷÷÷÷
-

so if any NP-Hard problem
could be solved in polynomial
time

,
then all of NP

could be
.



Tq.pro.ve.NL?Hardness-ofA:RedueQaaknownNP-HardTproblem to A
.

our approx

First known NP-Hard problem :

-

Cootch :
Gospel truth :

Circuit SAT is NP-Hard
.

I

(

MMMM

"n
NP

amp-Had
-

Prod : involves simulating anyTuringmachine w/ a circuit.



Tq.pro.ve.LY?-Hardness-iofA:-
Reduce a known NP-Hard
problem to A

.

④i¥"¥¥i÷¥¥¥÷¥E:
gaggi:*sI
problem
T



This will feel odd , though :
To prove a new problem
is hard , we'll showhow we could solve a
known hard problem
using new problem as

a subroutine .

Why?wµ
,
if a poly time

algorithm existed
, than

you'd also be able to

solve the hard problem!
K

Therefore can 't be any(
such
"

solution . )



Other NP-Hard Problems :

SAI: Given a boolean
formula

, is there a
a way to assigninputs so result is 1?

and

¥'

.

h
.

variables ,wa÷d Xy . ..gl/n
M. clauses :S =m

In NP we can
check "yes

"

enfold,
-

!

Gwen n TTF inputs,
scan the clauses tp0 check each

Total : Olntm)
nm

of clones
are

OG) long



Thx : SAT is NP- Herd .

PI : Reduce arau9¥kawnNPttd
to SATI
t new

one

[ -
Gwen circuit, write
equivalent boolean SATexpression

Need to use input : Circuit



More carefully : input is infogrames
1) For an'y§te ,

can transform :

AND '
.

. (xn .y=Z)€4,=D-z : (xvy=ZNot x-Do-y : (I
= y )

( written → =y )
2)

"

And " these together ,
t want final output
true : more left to right

q
copy eehdffpe.fr

FEE
¥EEIE¥FfE

o



Hole :
Tome boolean expressions

can 't be result
of

this conversion

circuit→ converts
(poly Ane)⑦
↳ us,
a



Is this poly -site ? meant
Gwen n inputs dm gales :

Variables : 1 per
- input agate

clauses : 7- pergate,
E3 variables per

clause

↳ result is m clauses
& Mtn variables

in SAT expression

so our reduction ?

Ocntm)

-

Ko e-

- -



← exactly 3 variablesThe: 351A is NP-Hard clause

Pt : Reduce circuitSAT to all
'

3SAT . t known 0k¥82
,+

new all AND-ed

or
:V Need Abe Sinha foggy afar't together

ANDof
INF form

( so last reduction fails)

step¥¥iEy
Cairbre) . . . .

-

"

OR AND

① Rewrite so eachgalehas 2 inputs :

¥¥D± Evan ;¥=y)
- I CxirxE
''
I 'k wine
"

kttgates



② write formula
,

like in SAT
.

.

3 types equiv . 2

y #sire!
③ Now , change to CNF :

go back to truth tables

3
- Ton ly 2plus

④ Now ,
need 3 per clause :
introduce dummy variables

¥¥. O



Note : Bigger !

Step
I

@

treplace =O⇒

↳ rewrite
,

twhffupmdmyv.ua#bksCstps2t3)

Tall Z's are duunmies

How big? step 1 : fgak
⇒ #igpgets I

①(mn clauses),mi-5-m.noCmn inputs)step 2
: clause→ E3 delouses

step 3 : E 4



SHH polynomial :

Cmn ) clauses
& variables

Soi. . [Cmn)
⑤-0

circuit is Satisfy
able

④
3.SATis

Satisfiable



Nextprob.lu looks
more useful

Independent set :
A set of vertices in a
graph with no edgesbetween them :

D-- - -←¥#a
decision version ;

Resent

is there a end set

.
of size K in G ?

coat -4;t÷÷sa¥E9¥:¥



Challenged: No boo leans !
But reduction needs to
take known NP-Hard
problem r build a

graph :

:
or

EgI¥x graph??

We'll use BAT
(but stop and marvel
a bit first

. ..)



Reduction
mclauses

-

:
n literals Evora bks)

Input is 3CNF boolean
formula ←

•-→@
HIT

① Make a vertex for each
literal in ⇒ clause

↳ 3m vertices

② Connect two votes if :
- they are in some

clauses
-

they are a variable -its inverse
-



Example:#

←
clause

0
! -

oil
To

↳edges its negation



Claim↳mula is Saksfable
⇐

G has independent set

Pinot ,
of size m



§:



Thepaltrn

1) Find an NP-Hard problem,& solve it usingunknown problem as
a subroutine

( e

±÷E¥Is¥n÷^ 9
Proof .

Triad if t only if!::i÷÷÷÷÷¥⇒.correct Hard
problem



Next one : Clique #-
A clique in a graph isa subgraph which is

complete - all possibleedges are present .

How could we cheek if G
has a clique of size K.?



Decision version : Does 6 have

input :
a clique of sized?

Output :
'

This is NP-complete :

-

① In NP . Why?



② NP-Hard :

what should we reduce to
K - clique ?



So :


