
Algorithms - fall 2020

Shortest

paths (part2)



Recap-:

-HW : due in 1 week
- Next HW - possibly

will be 2nd oral HW .

(Stay tuned)



Natan : Shorkstpaths
Goat: Find shortest pathfrom s to V .

-
We'll think directed

,
but

really could do undirected
who negate edges I.µ→µµMotivation

-
→

-

maps Jays:* . Ey- routing weight -
I

introduced
Usually ,

to solve this
,
need neg .

to solve a more general cycles
problem :

SF . U

Find shortest paths from n

FedEx
.

every deer!
Called the single- source

"

shortest path Tree .

-



we KSEYY an edge at is tense
if i¥ftw e. distal

"destin's soar

⑨ KEEFFE?
•manage newer

pain 251bar , s badge
If u→v is tense .

.

Could improve

update w/ better path
!

dist G) = distal twang
t update previous

so
,
relax :

node

E
-

d
take ur edge (plus
u's distance) as v's
her

"guess
"



Company a SSSP-
(Fortas6 a panty)

Each vertex will store 2
values .

(think of these as tentative
shortest paths )

-dist Cu) is length oftentative shortest s→ v

patch on if don't have an
option yet)

- pred Cv) is the predecessorof r on that tentative

Pathos if none) T
like

Intake : axed KEEF÷¥i÷I÷÷÷
.

④ o

aBad at



Dijkstra's)
(actually Leyzorek et al

'

57
,

Dantzig
' 58)

Makeqetuhe, Dag a priority
keep " explored

"

part ofthe graph , S .

Initially , ¥i¥esTv&EWh'¥E¥Vnode vets with]grof@Yeh ,edge from S to ]
Fees.FI?tu.h*#stcIsKIet''edseJ

Add v to S
,
set did Dtprdcy

-2
Picture→
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n

* 40¥

Pages, ←
sets s's to

+ best
tall others to

§g%Ekd - Gol)
7-

insane" -5-3qintar at end , Cyd
's"

Ag¥ehpoM f parsgfff'S



Correctness
¥onsder the set⑤ at

any .pan algorithm .

For each UES
, the distance

dist (u) Iste shortest
path distance

Csos Ieds#PITTS .
]

PI : induction on IS) :

tasse : if 151=19
then 5=99 /

(one vertex) L

s has distance
0

to itself !

So CS , 0) is
correct



Itt: spp
,

when

¥: co

:&:*
'

an
( byIH) we know has

only shortest paths

¥÷÷:÷÷÷÷÷÷i#¥T
Not tense !

(b/c alg relaxed )
If no negative edges , no
otherpatents .



Back to implementation t
run time .

For ea÷, could check
each edge-on compute
Dt WEI e# reps

runtime? go( VE)
F) Thine to

"÷⇒¥i¥¥
T
onlywantsmallest



Beller : a heap !
When v is added to S :

-

- look at v 's edges and
either insertwith key]dist ( v) t whew )
or EPI.at#7wtEf4beetD
⇐
ur

"

'E'
¥RunIII most E changekeyoperators in heap

-at most E inserts) removes
in Fheap

Total ofEkg V)
-

(no negative
edges)



Negative edges :

Canhappent
Example ! -2 weeks ago-

on colloquium

t dollars

in finance
(not

so
much

in
roads .

.
.)



What happens with negative
edges? Cin Dykstra)
well

,
for one thing , the

q•in Inchon breaks!

How it? ¥¥¥
^ really

yf negative cycles : Edge

completely fails →
runs forever !

If negate edges
→ but no negatives:

exponential
but will stop eventually



What do we do with negative
cycles ?

Note : sometimes the entire

goal is to find these !
-

⇒

Here
,
cproff !



well , can't be
"greedy

"
t

take the minimum each

time
.

-

Might repeat , so need to
- compute SP- tree
- or find a negative

cycle
so
,
back to BFS style .

OH
←

OH p -
so.¥④ whip
IMI Inse initially,
sorelaxthemak.pepeat - how long?? forcibly
if Ig cycle , repeat forever



Result
,

how long raft Yee?

←ocr )
loop )

not a →¥?.→→→.

so

→

Runtime : Vt rounds guarantees
every vertex sedge

have
been

" hit ' 'Zona 0(VE#y



Not'IEasH÷
ienoETI.EE#ka-kEsingat most co edges.

Exe: o BES

s .
'¥¥

S Ag
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£ : disto G)=O *for all rts,④to G) =D Bc - Innit SSSP

Claim : free
,
after e

iterations of B -F,
disHu) s dist, Cv)

why?
#

Induction on I
-

:

BI: deok ) ad CD aregood-
-

Ittf dse Cv) is zdistcv )
II : de CI) : Take shortest
- path of length i to v :

s

length it x. was
best, taking
✓ best to

length i v eajet¥t



Either utense :

distal > distance , Cu) twCu?D

→ So relax :

better v guess
da)← disatfu)t

0£ : not warp

dist(v) e dis.at#)-wCu-x)
-
T
worse
,

so keep old

g⇒⇒g
" bath



takeaway
since any path Has

length E Ht
,
don't need

torepat more than that!
I

'¥eE s¥n.]
Runtime OGE)



Why is B -F in practiceslower? ←cool dats

Dykstra :O#log
- V) structure :

B -F :

I edge

*Tooksateddlges
really 3 possibilities :
- G has positive weights

use Dijkstra
- G has negative edges

how manyknow by ?↳ use B-F 42*6735,ow)
- G has negative cycles.
↳ use B-F



The resstpieegn.ufgn.pro#S
Think of a BFS tree :

s . try to look
t only tense

level Io edges
level2111M¥

:
=

queue :
S #

more
next time



Final version : Bellman's !

Why ??

Using I again as# of edgesin the path !

Since all paths are EV-I
,

dist#CD is dist Cv )
(assuming no negative cycles)



Nicer :

Later observation :

Really dont need the E .

Just update those
"

tentative
"

distances
,
atrust

it'll halt.

/

Same runtime as prior BF
(just abit more confusing !)


