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Theorem 4.1 (Master theorem)

N

1= A

Jz /]

Leta > 1 and b > 1 be constants, let f(n) be a function, and let T(n) be defined

on the nonnegative integers by the recurrence

T(n) =aT(n/b) +/f(n)
Uy 2 [ oG)
where we interpret 7 €an either |n/b] or [n/b]. Then T(n) has the follow-

ing asymptotic bounds:

1] a < bk
2.| a=bk
3.|a> bk
r
d‘nlogb a ) f(n) iy d‘nlogb a= )
e>0

T()={6"=logn) fm)=6ln"=*)

e/ (»)) f() =" | AND

af(n/b) <cf(n) forlargen|

c<l

. If f(n) = O(n"#9¢) for some constant € > 0, then T(n) = O(n'"ts9),
,/. ¢ C
. If f(n) = O(n*=e2) then T(n) = O(n* =% 1gn).

. If f(n) = Q(n"e»9+€) for some constant € > 0, and if af(n/b) < ¢f(n) for
some constant ¢ < | and all sufficiently large n, then T'(n) = ©( f(n)). ]

Recurrence: Master Theorem

T(n) = aT(n/b) + f (n)  where f (n)=cnk

T(n) ~ nk
T(n) ~ nklog,n
T(n) ~ nlogea
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QuICKSPLECT(A[1 .. ]75)
=

turn QUICKSELECT(A[r +1..n],k —r)
/\

Figure 1.12. Quickselect, or one-armed quicksort




MoMSELECT(A[1..n], k):
if n <25 ((or whatever))
use brute force

else
m < [n/5]
fof i — 1tom
M[i] « MepIANOFFIVE(A[5i —4..5i]) (

/;Pnom «— MomSeLECcT(M[1..m],|m/2])

r « PARTITION(A[1..n],mom

ar

return MOMSELECT(A[1..r —1],k)
elseif k >r

return MoMSELECT(A[r +1..n],k—r)
else

return mom

D)

(Brute forcel))
(Recurs:onl))
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((Recursion!))

((Recursion!))
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| MoMSELECT(A[1..n],k):

5> if n <25 ((or whatever)) _)
Z use brute force @ C(
else

S2-
=

o)

[

m « [n/5]
fori=1tom

)~ MomSELECT(M[1..m],|m/2

%

r « PARTITION(A[1..n],mom)

o —_

M([i] < MeDIANOFFIVE(A[5i —4..5i])

ifk<r

return MOMSELECT(A[1..r —1],k)
elseif k> r

return MOMSELECT(A[r +1..n],k—r)
else

return mom
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{(Brute force!

((Recersion!))

—_

((Recursion!))

{(Recursion!))
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SeLitMuLTIPLY(X, ¥, n): 2(“ 0\ b
ifn=1 -
return x - y | ﬂl.

J@ x mod 10™ {{(x =10Ma + b))

C [y/lO J@ymod 10™ ((y =10"c+d)) —
e « SpLitMuLTIPLY (A, C, m)

E‘ « SpLitMurtipLy (b, d, m)

g <« SeLitMurtipLy(b, c, m)

PSP@Ta’d m)
return 10*™e +10™(g + h) + f \7« \ :Q/OV"P‘b CC.b”,f_C!
Runbrs |
U
/’_//-

FasTMuLTipLY(x, y, n):

ifn=1

return x - Yy \
else l/] V(

m — [n/2] — / +b )

@« |x/10"); bexmod10™  ((x=10"a+b) Z(OI 0 )éj ﬂ/

c«|y/10™]; d « y mod 10™ {(y =10™c +d))
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Figure 2.3. The complete recursion tree auss and Laquiere’s algorithm for the 4 queens problem.




PLACEQUEENS(Q[1..n],r):
ifr=n+1
print Q[1..n]
else
forje—1ton
legal < TRUE
ori—1ltor—1
if (Q[i]=j)or(Q[i]l=j+r—1or(Qli]=j—r+i)

legal < FALSE

if legal
Qr]«j
PLACEQUEENS(Q[1..n],r + 1) ((Recursion!))

Figure 2.2. Gauss and Laquiéere’s backtracking algorithm for the n queens problem.







